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1 Introduction

In our previous article we looked at an curious inequality from the recent New Zealand Squad Selection Test:

(2024 NZSST 3 P7) Given that 0 < a,b,c < 1, what is the mazimum possible value of the following
expression?

a " b . @
bc+1 ac+1 ab+1

where we proved

a < 2a
bc+1 " a+b+ec

and 2 other similar ones. Summing them up would give the desired maximum of 2. In this article, we will
explain how the technique of "unknown coefficients” could be used to solve more complicated and advanced
problems.

2 Examples

2.1 A Household Classic

a,b, c are positive real numbers such that abc = 1, prove that

1 i 1 " 1 S
14+2a 1420 1+42c—

This is a textbook problem most will encounter (or not) when studying olympiad inequalities. Firstly, let k
be a real number such that

1 ak
> .
14+2a = ak +bF +cF

This is equivalent to
¥ +vF + cF > aF 4 245
&b 4P > 208
Note that by AM-GM and abc = 1 we have

k k
2 2

W4k > 2(be) =207 2,

Hence we just have to find a k such that


https://primepursuit.github.io/content/NZSST_Discussion_2024.pdf

2
where evidently k = ——. Hence we have

2
1 a3
2 3 2 2
1420~ ¢ 54+b"35+c 3
Similarly, we have
1 b3
1420~ a5 075 4¢3
1 3
142 = g 3403 4¢3

Summing them up gives

L S SN a3 N b3 3 _,
142a 1420 1+4+2c g 34+b54+c35 a54b54c5 S4b54cF
which effectively solves our problem.
2.2 Greetings from the IMO
(2001 IMO P2) Prove that for all positive real a, b, c,
a o b . € .
Va2 +8bc Vb2 +8ca V2 +8ab
Again, we shall find a real k£ such that
a < ak
Va2 +8bc — aF +bF +ck
This is equivalent to
a2 o2k
2 > 2
Qa +8bC (ak’+bk+ck)
& (a® + % + *)? > a®*72(a® + 8be)
& (b2 + +2b%* + k) 4 2a" (b* + F) > 8a*F2bc
& (b* + *)? 4 2a% (0" + ) > 8a**~2be

Using AM-GM we have

NIE

(b* + *) > 2(be)

b




Hence the above is equivalent to

4(be)k + 4aFbs s > 8a”F2be

Note that by AM-GM

3k 3k

(be)k + abbrc® > 2a%b%T T

Which means we only have to find a real k£ such that

asbhT et = a2 2pc
. 4
and evidently k = 3 Therefore,
a L b L c S as L bs n s 1
VaZ+8bc VB2 +8ca VR L8ab  ai +bi4ci af +b3 4t af +bF b

2.3 A Date with the Devil

(2023 China Centennial Schools MO Day 1 P1) Prove that for all positive real z, y, z satisfying
zyz =1,

1 1 1
<1
1+x+y2+1+y+22+1+z+x2 -

2.3.1 Motivation

This seemingly simple problem is in fact not so simple, but it does give rise to (in my opinion) a pretty
elegant solution. First let’s look at the following problem which motivates our solution.

(2015 Austrian MO Day 2 P4) Let z, y, z be positive real numbers with © +y + z > 3. Prove
that

1 1 1
<
x+y+z2+y+z+x2 +z+ﬂc+y2 -

\.

First observe that by Cauchy-Schwarz Inequality we have

(+y+22)(z+y+1)> (x+y+2)?



Which means

1 N 1 N 1 <(m+y+n+wy+z+n+{z+x+n
r+y+22 yt+zt+a? ztz+yr T (z+y+2)?

Now note that

(z+ty+ D)+ (y+z+)+(z+a+1)
(x 4y + 2)?

2@ +y+2)+3
(x+y+2)?

2@ 4+y+z2)+(x+y+2)
(z+y+2)?

IN

T+Yy+z

<1 (x+y+22>3)

You can also check out this video on Youlube, where I explained the same problem. Now we shall try to
implement this idea into our solution while using unknown coefficients introduced above.

2.3.2 Solution

Let k be a real number, by Cauchy-Schwarz Inequality we have
(m+y2 + 1>($2k_1 +y2k—2 +Z2k) > (xk +yk 4 zk)2
This implies

1 1 1
1+m+y2+1+y+22 +1+z+9c2

(ka—l _|_y2k—2 + ZQk) N (ka—l + Z2k—2 +$2k) N (Z2k—1 +$2k_2 +y2k)
(F +yk + 2F)2 (zh + yk + 2F)2 (zh + yk + 2F)2

(x2k+y2k+z2k)+(x2k—1 _,’_ka—l+22k—1)+(x2k—2+y2k—2+z2k—2)

Hence we just have to find a real k such that
($2k _|_y2k + Z2k) + ($2k71 _|_y2k71 + ZQkfl) + (x2k72 _|_y2k72 + Z2k72) < (JCk +yk + Zk)Q
Expanding and conquering gives us

(xZIcfl +y2k71+22k71)+($2k72+y2k72+22k72) Sz(xkyk_’_ykzk_’_xkzk)


https://youtu.be/abnbXVGZunY?si=hKoe8DIHbWWHN_DX

Using 2yz = 1, (zy = 2, yz =271 oz = y ') we have
2(xhyk yF b 4 ak k) =207k py TR 4 2R

Evidently, if we simply let 2k —1 = 2k —2 = —k, one would get no solutions. Hence we have to try something
different. Now observe by AM-GM and zyz = 1

ek gk yR gk ok gk

g Fpy PR = Tt
> (2y) 75 + (y2) 7 + (w2) 78
k k k
=x?2 +y2 + z2

This implies

[NIE

2zhy + yf 2k kR > (2R by TR 4 2R 4 (2
Which means we just have to find a real k such that

(x—k+y—k+z—k)+(x§ +ys +Z§) > (xzk—l+y2k—1+Z2k—1)+<x2k—2+y2k—2+z2k—2)

2
Now, if we let 5= 2k —1,—k =2k —2, we get k = 3’ which effectively solves our problem. Finally, we have

1 1 1
1+x—l—y2+1+y+22 * 14z + 22




3 Practice Problems

Problem 1 (IMO 1996 A1) Suppose a,b,c > 0 such that abc = 1. Prove that

ab be ca
+ + [ Sl
ab4+a® 4+  be+bO+cS  ca+ad+cd

Problem 2 (China) Suppose a, b, ¢ are positive real numbers. Prove that
a [ b c 3
1) 2 3 3 > —
(1) \/b—l—cJr c+a+\/a—|—b 2
a? b2 c? 3
9) 2= 3 3 > 2
@) \/(b+c)2 * \/(c+a)2 * \/(a+b)2 =i

Problem 3 (Generalization of 2001 IMO P2) Suppose a, b, ¢ are positive real numbers. Let A > 8 be
a real number. Prove that

a n b + c > 3
Vaz+ e VB2 +Adea Ve +dab T VIFA

4 Afterword

I hope you have enjoyed this article. If you have any questions or I have made any mistakes (I am after
all just a maths enthusiast), feel free to email to primusmathematical 729@gmail.com. Check us out on
Youtube, and stay tuned at Prime Pursuil for more articles and monthly problems!
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